Abstract-This paper initiates a systematic methodology for generating various grid multiwing hyperchaotic attractors by switching control and constructing super-heteroclinic loops from the piecewise linear hyperchaotic Lorenz system family. By linearizing the three-dimensional generalized Lorenz system family at their two symmetric equilibria and then introducing the state feedback, two fundamental four-dimensional linear systems are obtained. Moreover, a super-heteroclinic loop is constructed to connect all equilibria of the above two fundamental four-dimensional linear systems via switching control. Under some suitable conditions, various grid multiwing hyperchaotic attractors from the real world applications can be generated. Furthermore, a module-based circuit design approach is developed for realizing the designed piecewise linear grid multiwing hyperchaotic Lorenz and Chen attractors. The experimental observations validate the proposed systematic methodology for grid multiwing hyperchaotic attractors generation. Our theoretical analysis, numerical simulations and circuit implementation together show the effectiveness and universality of the proposed systematic methodology.
and a bridge between circuits and chaos [6] [7] [8] [9] [10] [11] , has also been intensively studied [12] [13] [14] [15] [16] [17] . Following this line, numerous efforts were committed to the design and realization of complex multiscroll (or multiwing) chaotic attractors [18] [19] [20] [21] [22] [23] . Recently, the theoretical design and circuit implementation of various complex multiscroll chaotic oscillators has been a central subject of the real-world applications of various chaos-based technologies and information systems [24] [25] [26] [27] [28] .
It is well known that Shil'nikov theorem can be used to construct various chaotic attractors [16] [17] [18] [19] . In 2004, Li et al. proved the existence of homoclinic and heteroclinic orbits in a modified Lorenz system [20] . In 2009, Li and Chen constructed a piecewise linear chaotic system by using Shil'nikov theorem [21] . Since the above eigenplane lies in the two-dimensional phase plane, the above constructive method has some limitation and cannot be generalized to the general nonlinear case. To overcome this essential difficulty, Yu et al. improved the traditional constructive technique to select the eigenplane at any position [22] , [28] .
It should be especially pointed out that Shil'nikov theorem is based on the three-dimensional autonomous systems [16] [17] [18] [19] [20] [21] . Therefore, it is very interesting to ask whether we can generalize the traditional three-dimensional constructive approach to the four-dimensional constructive method based on the same Shil'nikov theorem [16] . This paper aims at developing a systematic methodology for generating various grid multiwing hyperchaotic attractors by switching control and constructing super-heteroclinic loops (i.e., heteroclinic loop in four-dimensional system) from the piecewise linear four-dimensional hyperchaotic Lorenz system family.
First, two fundamental four-dimensional linear systems are constructed by linearizing the three-dimensional generalized Lorenz system family [24] [25] [26] [27] at their two symmetric equilibria and adding state feedback. Then, a super-heteroclinic loop is designed to connect all equilibria of two fundamental four-dimensional linear systems based on switching control [25] . According to Shil'nikov theorem, various grid multiwing hyperchaotic attractors can be generated under some suitable conditions. Moreover, a module-based circuit design approach is introduced in [14] , [15] to realize the designed piecewise linear grid multiwing hyperchaotic Lorenz and Chen attractors and obtains some experimental observations [14] , [15] , [23] .
This paper is organized as follows. Section II introduces the designs of two fundamental four-dimensional linear systems. By switching control and constructing super-heteroclinic loop, the four-dimensional piecewise linear double-wing hyperchaotic are generalized Lorenz system family in Section III. Section IV designs various grid multiwing hyperchaotic at- tractors. A module-based circuit design method is proposed for realizing various grid multiwing hyperchaotic Lorenz and Chen attractors in Section V. Section VI gives some concluding remarks.
II. DESIGN OF TWO FUNDAMENTAL FOUR-DIMENSIONAL LINEAR SYSTEMS

A. Preliminary
For a four-dimensional system, suppose that there exist two saddle foci and with indexes 2 or 3, respectively. That is, the linearization matrix at has two real eigenvalues and a pair of conjugate eigenvalues satisfying , , and . Similarly, the linearization matrix at has two real eigenvalues and a pair of conjugate eigenvalues satisfying , , and . According to the magnitude of these eigenvalues, one has the following three cases.
1) The real eigenvalue and the real part of conjugate complex eigenvalues satisfy for . In this case, Shil'nikov theorem does not hold [16] [17] [18] [19] , [21] , [22] , [28] . Thus, it is impossible to construct any super-heteroclinic loop from Shil'nikov theorem [16] , [20] , [22] , [28] .
2) The real eigenvalue and the real part of conjugate complex eigenvalues satisfy for , , 2. In this case, Shil'nikov inequalities hold [16] , [20] , [28] . Therefore, one can construct several super-heteroclinic loops based on Shil'nikov theorem.
3) The real eigenvalue and the real part of conjugate complex eigenvalues satisfy , , , and . According to Shil'nikov theorem [16] , one can connect the stable manifolds corresponding to , and the unstable manifolds corresponding to conjugate eigenvalues , into a closed loop by using some suitable techniques. Thus, one obtains a super-heteroclinic loop connecting the two steady states and . Hereafter, we only consider the above Case iii). By switching control and constructing super-heteroclinic loops, this paper aims at developing a systematic methodology for creating various grid multiwing hyperchaotic attractors from the piecewise linear four-dimensional hyperchaotic Lorenz system family.
Remark 1: 1) For a three-dimensional autonomous system, according to the heteroclinic Shil'nikov theorem [16] , [22] , if there exist two saddle foci and with index 2 (a real eigenvalue and a pair of conjugate eigenvalues ) that satisfy the Shil'nikov inequalities for , , 2, then one can construct a unique heteroclinic loop (see, Fig. 2 in [16] and Fig. 1 in [22] ). However, for a four-dimensional autonomous system, if there exist two saddle foci and with index 2 (two real eigenvalues and a pair of conjugate eigenvalues ) that satisfy the Shil'nikov inequalities and for , , 2, then one can simultaneously construct multiple super-heteroclinic loops in several different three-dimensional eigenspaces. 2) For a three-dimensional autonomous system, one can directly apply the Shil'nikov theorem to construct multiwing chaotic attractors [20] , [22] , [28] . However, for a four-dimensional autonomous system, one needs to select suitable three-dimensional eigenspaces and then construct the corresponding super-heteroclinic loops and multiwing hyperchatic attractors. This is because some super-heteroclinic loops cannot generate the corresponding multiwing hyperchatic attractors. Moreover, the grid multiwing hyperchaotic attractors are not robust again parameter variations. Therefore, it is essentially difficult to design and physically realize grid multiwing hyperchaotic attractors in a four-dimensional autonomous system.
B. Two Fundamental Four-Dimensional Linear Systems
It is known the three-dimensional generalized Lorenz systems family, such as Lorenz system, Chen system, and Lü system, has the following two typical properties.
1) It is invariant under the linear transformation of . 2) It has three steady states: , . And are symmetrical about axis and -axis. Based on the above two properties, one can deduce two fundamental four-dimensional linear systems by linearizing the above system at and adding a linear differential equation of state feedback.
Consider the dimensionless equation of three-dimensional generalized Lorenz system family as follows: (1) Linearizing the above system at its steady states , one gets two fundamental three-dimensional linear systems. The linear system corresponding to is described by (2) , shown at the bottom of the page.
Another linear system corresponding to is given by (3) , shown at the bottom of the page.
Then one introduces the state feedback controller into the second equation of (2) and (3), respectively. Also, the linear differential equation of is described by (4) Therefore, the fundamental four-dimensional linear system corresponding to is given by (5) where is given in (6), shown at the bottom of the page. According to (5) , there is a unique steady state . Let the corresponding eigenvalues be , and , where , , , and . Thus, is a saddle focus with index 2 or 3. And the corresponding four eigenvectors are described by (7) , shown at the bottom of the next page.
(2) (3) (6) Similarly, the fundamental four-dimensional linear system corresponding to is described by (8) where is given in (9), shown at the bottom of the page. From (8) For the three-dimensional generalized Lorenz system family, such as Lorenz system, Chen system and Lü system, it is easy to verify that the fundamental four-dimensional linear systems (5) and (8) have the same eigenvalues for equilibria and under the above two typical properties 1) and 2). That is, the corresponding linear systems (11) and (13) 
A. Basic Design Principle
From Section II, and are two equilibria of (5) and (8), respectively. The switching hyperplane and the switching controller are described by (15) and (16) Using displacement transformation on (5) and (8), the corresponding switching system is described by (17) where the controller is determined by the existing conditions of heteroclinic loop.
Denote the two equilibria of (17) be and , respectively. According to (11) , at the equilibrium , the corresponding stable manifold of eigenvalue and the unstable manifold of eigenvalues are described by (18) Similarly, at the equilibrium , the corresponding stable manifold of eigenvalue and the unstable manifold of eigenvalues are described by (19) (21) , for the given , and , is described by (22) It indicates that is only related to but unrelated to and . In this case, and can be chosen arbitrarily.
B. Piecewise Linear Double-Wing Hyperchaotic Lorenz System
In 1963, Lorenz found the first three-dimensional classic chaotic system [24] , which is described by (23) When , , and , system (23) has a typical chaotic attractor. System (23) has three equilibria: , , . Let , , . According to (5) and (8) , at equilibrium , the fundamental four-dimensional linear system is described by (24) Similarly, at equilibrium , the fundamental four-dimensional linear system is described by (25) By calculation, the corresponding eigenvalues are given by Therefore, and are the saddle foci with index 2 satisfying , , , and
. And the corresponding eigenvectors at and are described by (26) and (27) (14) and (27) (24) and (25) . Thus, (24) and (25) become the uniform form (30), shown at the bottom of the page.
In fact, system (30) is the deduced piecewise linear doublewing hyperchaotic Lorenz system, where , , , and is given in (29). Fig. 1 shows the plane projections of piecewise linear hyperchaotic double-wing Lorenz attractor. By calculation, the Lyapunov exponents are given by , , ,
. That is, system (30) is a typical hyperchaotic system.
C. Piecewise Linear Double-Wing Hyperchaotic Chen System
In 1999, Chen and Ueta introduced the well known Chen system [26] , which is described by (31) When , , , , system (31) has a typical chaotic attractor. The equilibria are given by , , and
. According to (5) and (8), let , , , , . Then, at equilibrium , the fundamental four-dimensional linear system is given by (32). (32) Similarly, at equilibrium , the fundamental four-dimensional linear system is described by (33).
(33) By calculation, the corresponding eigenvalues are then given by Therefore, and are saddle foci with index 3 satisfying , , , and . And the corresponding eigenvectors at are described by (34).
(34) Similarly, the corresponding eigenvectors at are given by (35).
(35) Since , , , and , the real eigenvalue at satisfies Shil'nikov inequality, however, the real eigenvalue does not satisfy the Shil'nikov inequality. Similarly, the real eigenvalue satisfies Shilnikov inequality and the real eigenvalue does not satisfy the Shil'nikov inequality. According to Shil'nikov theorem, one constructs a super-heteroclinic loop to connect two stable manifolds of with two unstable manifolds of and . From (12) and (34), at , the stable manifold of eigenvalue and unstable manifolds of eigenvalues are given by (18) . Here, the direction vector of stable manifold is described by , , , . Similarly, the direction vector of unstable manifold is given by , , , . According to (14) and (35) Fig. 2 shows the plane projections of piecewise linear hyperchaotic double-wing Chen attractor.
By simple calculation, one gets the Lyapunov exponents of the above attractor: , , , . Thus, system (38) is a typical hyperchaotic system.
IV. DESIGN OF GRID MULTIWING HYPERCHAOTIC GENERALIZED LORENZ SYSTEM FAMILY
Based on the design of four-dimensional piecewise linear double-wing hyperchaotic generalized Lorenz system family, this section will develop a systematic methodology for generating various grid multiwing hyperchaotic attractors via switching control and constructing super-heteroclinic loops from the piecewise linear hyperchaotic Lorenz system family.
According to (30) and (38), the piecewise linear double-wing hyperchaotic Lorenz and Chen systems can be rewritten into the following uniform form:
becomes the piecewise linear double-wing hyperchaotic Lorenz system (30). When , ,
becomes the piecewise linear double-wing hyperchaotic Chen system (38). Based on system (39), one can generate various grid multiwing hyperchaotic Lorenz attractors via switching control and constructing multiple super-heteroclinic loops. The basic design principle is to generate multiple shift linear systems via switching controller in (39) based on the two fundamental four-dimensional linear systems (5) and (8) . Denote the equilibria of shift linear systems to be , where are integers satisfying that is positive for and is negative for . By switching function , one can design the stable and unstable manifolds at equilibria as follows: i) For , the direction vectors of stable and unstable manifolds are and , respectively; ii) For , the direction vectors of stable and unstable manifolds are and , respectively. According to the above basic design principle, to create various grid multiwing hyperchaotic Lorenz attractors from (39), the switching controller is described by (40), shown at the bottom of the next page.
(38) And the corresponding switching function is given by (41) Here, the in (40) and (41) Fig. 3(a) . For , , , , , , (39)-(41) can generate a 6 4-grid wing hyperchaotic Lorenz attractor as shown in Fig. 3(b) .
Similarly, let , , , 
- (41)cangeneratea6-wing hyperchaotic Chen attractor as shown in Fig. 3(c) . For , , ,
-(41) can create a 6 4-grid winghyperchaotic Chen attractor as shown in Fig. 3(d) .
V. CIRCUIT IMPLEMENTATIONS AND EXPERIMENTAL OBSERVATIONS In this section, a module-based circuit design approach is proposed for realizing the above piecewise linear grid multiwing hyperchaotic Lorenz and Chen attractors. As a result, some experimental observations are also given.
According to (39), a module-based circuit diagram is designed for realizing the above piecewise linear grid multiwing all resistance values in Fig. 4 
